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Abstract

The first part of the research describes common assumptions for material degradation theory and the
main part of the presented study focuses on development of simplified constitutive relations suitable for
practical applications in testing and characterization of composite materials.

Final part of this work dedicated to the extension of performed approach to capture complex effects such
as initial shear nonlinearity of laminated composites and influence of high strain rate on strength
properties. The results obtained show a good correlation between proposed modelling method and
analyzed experimental data.

1. Introduction

Currently there is no well-established and universally accepted approach to predict and modelling the
strength of composite materials. From practical and physical points of view, various existing failure
theories have their own advantages and disadvantages. The subject of modelling of the failure of
composites has long been studied and has a significant number of scientific publications. Scientists and
practical specialists have written a large number of reviews not only on composites in general, but
namely on the problems of failure and degradation. In some papers of such subject metter, the number
of references exceeds 300 [1].

In contrast to metals or even heterogeneous complex materials, in the layered composites, the failure of
a single layer in most cases will not lead to complete destruction of the entire package. Moreover, such
damage cannot cause even the slightest change in the general load — displacement diagram. Therefore,
the degradation of the material comes to the fore subsequently.

This research is directed on the formulation of a number of assumptions to build up a theory for failure
prediction in laminated composites, which are generalized enough to serve as the basis for explanation
of current models and for further development of modelling theory [2]. The presented approach is a
phenomenological one and introduces degradation parameters directly influence on stiffness
characteristics of composite materials.

2. Assumptions for constitutive equations

2.1.  Choice of elastic constitutive relations

The classical approach, based on linear anisotropic elasticity, may not be sufficient to describe the
deformation of the composite material under elasticity conditions, and lead to significant inaccuracies

in determining of the stress distribution in the material of the structure for strength analysis. In papers
[3-5], different variants of elastic constitutive equations were described, taking into account such effects
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as nonlinearity under plane shear loading and differences in stiffness values depending on the type of
loading on the material. As mentioned above, the choice has to be made depending on the required
accuracy in the solutions of problems and the availability of experimental data.

2.2.  Choice of first ply failure (FPF) criterion

At the next step, the criterion for initiating of the first ply failure (FPF) of the composite material has to
be selected. There are several versions of such criteria. Any preliminary assessment of the quality of this
choice is essentially problematic, so the choice should be made only from considerations of
correspondence between theoretical predictions and experimental data and ease of usage.

2.3.  Choice of constitutive relations for damaged material

The next step is concerned the choice of constitutive relations to characterize the damaged material after
the initiation of failure. A lot of studies show that the composite material does not fail instantly, but
demonstrates a monotonically decrease of the stiffness. The following assumptions are important: the
material should be unloaded without any deformation to the initial point of loading; all plastic
deformations in the process of failure are assumed negligible and are considered to be equal to zero; in
the absence of damage, the material model must coincide with the constitutive equations selected in
section 2.1.

2.4.  Choice of damage parameters

At this step, the material damage parameters must be determined. There are many options for
introducing such parameters, and, apparently, the most popular papers on this subject were the studies
by Yu. N. Rabotnov [6] and L.M. Kachanov [7].

2.5.  Consistency of damage parameters

It is necessary to coordinate the damage parameters with chosen elastic model for the damaged material.
Generally, it is possible to follow the requirements that for zero values of damage parameters the
material model coincides with the initial elastic one chosen for intact material, but with damage growth,
the material stiffness decreases and falls to zero at failure load.

2.6.  Choice of damage parameters to keep stress components on failure criterion surface

The values of the damage parameters must satisfy the condition under which the stress vector has to be
kept on the surface of the first ply failure criterion of the composite. This statement is most important in
the entire list of assumptions. It completes the system of constitutive relations and gives a certain way
for the determination of damage parameters, that is, if deformations come into the system of equations
and the stress vector obtained by means of accepted elastic model goes out the criterion of failure, then
the values of damage should be chosen so that the stress vector remains on the surface that determines
the failure conditions.

2.7.  The way of determination of damage parameters changes due to loading conditions

According to the previous point, the values of the damage parameters can be determined ambiguously,
especially if a large number of such parameters are used. To eliminate this kind of uncertainty, it is
necessary to establish the rules for determining the values of parameters associated with the type of
material loading. For example, it is natural to assume the independence of damage parameters associated
with the failure of fibers and matrix.
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2.8. Dependence of FPF criterion on damage parameters

At the next step, it is necessary to set the dependence of the change in the FPF criterion of the composite
on the damage parameters. The introduction of such a relationship makes it possible to simulate a smooth
decay in the strength of a material under loading, in which displacements are controlled, or in other
words, a drop in the loading curve after the maximum stress is achieved.

2.9.  Dependence of FPF criterion and elastic characteristics on the damage rate parameters

The introduction of the dependence of the FPF criterion on the rate of change of the damage parameters
allows one to take into account the high-rate hardening of the material at high deformation rates.

2.10. Smoothing of damage parameters based on distance decay

The composite material exhibits non-local fracture properties. The simplest example, which makes it
possible to understand the necessity of introducing smoothing of the damage parameters, is apparently
the loading analysis of samples with concentrators. Theories based on local deformation parameters
realize unreasonably high values of stresses near the areas of the onset of failure. This is similar to the
situation in the vicinity of the crack tip, where the stress field is singular one.

3. Example of constitutive relations based on standard material properties

Let us consider an example of constitutive relations for modelling of degradation of a composite material
based on the assumptions formulated in the previous section. For simplicity, the example is built upon
the standard experimental data, which is usually available in the technical documentation of the material.

As a first step, in accordance with the above assumptions, we choose the model of an orthotropic linear
elastic solid for the deformation stage of intact material:

€11 [ 1/E1 —V21/E22  —V31/E33 0 0 0 (011\

€22 —V12/E14 1/E;, —V32/E33 0 0 0 022

€33 ( _ |=Vis/Ei1 —V23/Ezp  1/E33 0 0 0 033 (1)
Y12 0 0 0 1/G, 0 0 012

V13 0 0 0 0 1/G13 0 013

1’23J 0 0 0 0 0 1/G,3] 023}

Considering the simplest way of introducing damage characteristics, only two parameters 1; and ¥,
are chosen, where first parameter corresponds to fiber failure and the second one to matrix failure:

{ Y, = 0 fiber failure,y, = 1 initial value @)

Y, = 0 matrix failure,p, = 1 initial value

The modified constitutive relations with damage parameters for assumption 2.3 can be formulated as
follows:

Efy =Y1En
EZ, = YP,E5,
ES3 = yE33
Giy = P61
G1C3 = 1,63 3)
Gz = PyGa3

Uiy = Y1013
Vi3 = P1P,013
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V33 = P1Poup3

where index ¢ — denotes current value of elastic constants, corresponding to current level of damage of
the material.

Eventually, constitutive relations for damaged material can be written as:

1 _Yavar YoV 0 0 0
Y1E14 E;; E33

_Yavep 1 _Yavs, 0 0 0
(211\ Eiq Y2E7 E33 011
£ _ Yavis _ PYav23 1 0 0 0 022

! £33 L Eiq E;, Y2E33 33 (4)

]];12 J 0 0 0 ! 0 0 L?Z
13 Y,G1p 13
V23 1 023

0 0 0 0 Valns 0

0 0 0 0 0 !

P2Gy3

Thus, the assumptions 2.1, 2.3, 2.4 and 2.5 are satisfied. Summarizing of above stated, the elastic model
for initial undamaged material is chosen (1), damage parameters are chosen (2), elastic constitutive
relations for damaged material are formulated (3—4), and consistency of damage parameters, damaged
material model, and initial elastic material relations (1) can be proven by simple substitution of
{¥1,¥,} = {1, 1} into (4), which obviously matches the equation (1).

The choice of only two damage parameters has its own logic. First, it is much easier to handle two
parameters compared to several parameters corresponding to different types of failure. Second, the
reason is that after shear failure there is no possibility to care for transversal load and vice versa.

At the next step, the initial failure criterion is chosen. Probably the simplest theory to demonstrate the

capabilities of proposed approach is the maximum stress as a first ply failure condition.
Xe <011 S X, Yo 03 SV lopp| €S ®)

where

X, — compression failure stress in fiber direction

X, — tension failure stress in fiber direction

Y. — compression failure stress in transversal direction

Y; — tension failure stress in transversal direction

S — in-plane shear failure stress

According to the assumptions 2.1-2.5 we need to formulate the way to determine the damage parameters
W, and ¥,. Let us assume that only parameter v, is varied to keep a stress vector within the failure
envelope. If it is not possible and the value of g, exceeds corresponding critical values X, or X;, the
material is considered failed and ), is assumed equal to zero (y; = 0). The stress vector response to
material loading is shown schematically in Figures 1 and 2.
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Figure 1. g,, > Y; loading of unidirectional specimen, stiffness modification.

Once the way to modify damage parameters is chosen, we can formulate it using following equations:

{1,01 =1,if X, < af{ < Xt,orlpl = 0if not
¥, = min(¥3%,¥3%, 937, 33,93,
where
Y32 — solution of equation 022 = Yt if o8l > Y,
P32 — solution of equation o$} = C ) if azeé <Y,
else zp
= S/|012| if |012| > S, else 12
= S/|al3| if |ogt| > S, else Y33
3 =5/|0gk| if |o& > S, else P23
3 _ solution of equation o} Yt , if a§§ > Y,
—solutlon of equation o$} = Y, , if ofi <Y,
else P33

(6)

where a{j-l — stress tensor components, obtained wth the use of equations (4) before damage parameters
modification.

In this case, the equation o$}(y¥32) = Y, has a cubic polynomial form and can always be resolved as
follows:

3
[522V13E331/J12((—V13522 + £33V12)Epp + vo3(2YcvipYy + E11€11))]1/)%2
+ [¢1(V12(YCV121/J1 + Ey1611)Eps” + Ess(Yevi3®y + E11633V23)Esp
2
+ E11E33Ycv)3 1/’1)]1/122 + [E11E222522]1/)%2 —E11ExYe =0

The minimum positive real root less than unity has to be used. If this requirement is not satisfied then
=1.

At the next step the influence of ¥, and vy, parameters on failure criterion is determined. In order to
model load drop in corresponding test curve the dependencies for Y.(y,), Y:(¥,) and S(i,) can be
used. However, to avoid the need of complex experiential data analysis, for the purposes of this
demonstration we assume that material has no load drop stage in loading diagrams, as shown in Figure
2. In addition, to simplify the demonstration of the proposed failure modelling approach the assumptions
2.9 and 2.10 are also disregarded.
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Figure 2. Loading diagrams.
3. Verification

Using data presented in [8], it is possible to compare the model predictions with experimental data for
biaxial tests shown in Fig. 3 and Fig. 4.
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Figure 3. Biaxial failure envelope for [90° / +£30° / 90°] E-glass/LY556 under combined o, and t,,,
(left), for (0°/ = 45°/90°) AS4/3501-6 under combined o, and a,, (right).

Modeling points in o, < 0 and o,, < 0 quadrant in Fig. 3 demonstrate a good agreement with predictions
for a number of criteria [8] without taking account of actual buckling failure mode, while buckling
failure data show better agreement with experiment points.

4. Modification of elastic equations

Modification of initial elastic condition might be necessary for some particular engineering problems,
especially if stiffness plays an important role for the structure. Fig. 4 shows open hole specimen with +
45° layup and its loading diagram under compression.

To capture this essential nonlinearity one might use nonlinear elastic relations with monotonic decay of
shear stiffness. According to [3, 5] one can implement into assumption 2.1 nonlinear relations. Fig. 5
shows the distribution of the damage parameter ,, for linear elastic equations and for nonlinear ones.
Thus, we can see the difference, where relations with shear nonlinearity show thin lines of damage,
which better correspond to experiment.
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Figure 4. Open hole specimen for £45° laminate, and corresponding compression loading diagram
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Figure 5 Matrix damage distribution in the cases of use of linear elastic model (a) and nonlinear
elastic model (b) for compressed composite specimen [+45/45]n

5. Dependence of FPF criterion on damage and damage rate parameters

Demonstrating the universality of proposed approach, one can use the statements 2.8 and 2.9 to modify
FPF criterion and consider the nonlinear effects of failure such as shown on Fig. 6. Follow [2], it is
possible to introduce damage parameter into shear strength S(3/,) to get good agreement with essentially

nonlinear in plane shear loading curve. Moreover, it is possible to use damage rate parameter 1, to
model rate hardening effect displayed under high strain rate conditions.
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Figure 6. Experimental [9] and predicted shear stress versus strain diagrams
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Fig 6 shows correlation of in plane high rate shear strain tests with the model based on the following
form of shear strength characteristic:

5(‘1’2: ll’z) = Sst (lpz)sdyn(lljz)

where

Sst(W2) = A+ B =y )", den(lpz) = 1+ (sinh[CIn(y /o)D"
3. Conclusions

The method to develop failure modelling approach for laminated composite materials, based on
degradation parameters is presented. All steps necessary to determine material damage characteristics
and their influence on elastic properties of composites are described. An example of failure modelling
approach utilizing only standard strength characteristics is demonstrated. It can be seen that proposed
failure modelling approach based on formulated assumptions and utilizing only minimum experimental
data gives a good correlation with the results of biaxial loading experiments. The approach has a block
form and can be modified at all key steps such as elastic relations or first ply failure criterion. The
calculations for examples with elastic and strength nonlinearity are also performed and a good
correlation between theoretical and experimental dependencies are demonstrated. The approach permits
to take into account different forms of physical nonlinearity, it has a block form and can be modified at
all key steps to achieve required for practical purposes precision.
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