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Abstract
This work presents a compressible hyperelastic constitutive model for dry woven fabrics with two families of inextensible fibers. In recent works it was demonstrated that shear interaction of the fibers is the dominant deformation mode in state of the art characterization methods of dry woven fabrics as for example the bias-extension test. Therefore, an angular-based deformation invariant is introduced. This invariant excludes the elongation in fiber direction but only considers the shear interaction of the fibers. In order to model woven fabrics, a Helmholtz free-energy function is proposed with two parts: a mathematical exponential shear interaction strain energy and a workless reaction to the kinematic constraint that results from the inextensibility of the fibers. The shear interaction strain energy is decomposed into a volumetric and an isochoric parts. To evaluate the proposed model, it is implemented in a commercial finite element analysis program as a user-defined material model. An FEM-model of the bias-extension test is used to demonstrate the performance of the model implementation. The results show that there is an excellent correlation between experiment and simulation. 
1.  Introduction

A number of researchers [1-4] have proposed hyperelastic models to capture the response of dry woven fabrics. A common approach to define a function for the strain-energy density [image: image2.png]


  for dry woven fabrics is to divide it into the contributions of the fibers [image: image4.png]


 and fiber-fiber shear interaction energy [image: image6.png]


. Hence, the total strain-energy function can be written as
	[image: image7.png]¥ =¥+ ¥,




	(1)


Thereby, [image: image9.png]


 is considering the angle change between fibers during deformation and is defined based on pseudo-invariants of the right Cauchy-Green tensor [image: image11.png]


, [image: image13.png]


 and [image: image15.png]


 [5]. Since [image: image17.png]


 and [image: image19.png]


 are defined as square of the fiber stretch, it implies a dependence of the shear interaction strain energy [image: image21.png]


, and thus also the Cauchy stress [image: image23.png]


, on the elongation of the fibers.
The shear interaction is the dominant mode of the deformation for dry woven fabrics [6-11]. Therefore, the bias-extension test featuring a high shear deformation state is an effective method to characterize woven fabrics. The deformation mechanism in a bias-extension test is schematically shown in Fig. 1. As can be seen in the literatures [12-18], no fiber elongation is observed in these tests. Therefore an approach assuming zero elongation of fibers for the shear interaction strain energy is presented in this work.
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Figure 1.  Shear deformation mechanism for two families of fibers in a bias-extension test. The fibers at reference configuration [image: image27.png]Mand N



 deform to [image: image29.png]m and n



 in the deformed configuration, respectively. 
2. Kinematics
Since the deformation of woven composites can be expressed based on the rotation of the two families of fibers, an angular-based deformation invariant is assumed to represent the deformation field. Consider a material line element in fiber orientation [image: image31.png]


 as [image: image33.png]dX = Nldx|



 that is transformed to the spatial line element  [image: image35.png]


 [image: image37.png]nldx|



. Hence, the stretch in the direction of the unit vector [image: image39.png]


 is in the form [image: image41.png]


, where the notation [image: image43.png]{N}



 indicates the dependence of [image: image45.png]


 on the fiber orientation. Using [image: image47.png]FdX



 [5], where [image: image49.png]


 is the deformation gradient, it is found that [image: image51.png]A({N})n =FN



. The same can be written for the fibers in the orientation [image: image53.png]


 as [image: image55.png]


. Referring to Fig. 1, the angle between the two families of fibers at the deformed configuration is defined as [image: image57.png]


 so that
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where [image: image60.png]


, [image: image62.png]


,  [image: image64.png]


, and [image: image66.png]


 is right Cauchy-Green tensor. Since the fibers are inextensible consequently [image: image68.png]


. Now, we can introduce invariant [image: image70.png]


 which represents the shear angle according to
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3. Model development

In order to model the woven fabrics, a suitable strain energy is proposed with two parts: shear interaction strain energy ([image: image73.png]


) that is associated with the dominant mode of the deformation, and a workless reaction to the kinematic constraint on the deformation field [5]  that represents the inextensibility of the fibers,
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with the indeterminate Lagrange multipliers [image: image76.png]q/2.r/2



. The scalar quantities [image: image78.png]q and r



 are fiber tensions as reactions associated with the inextensibility constraints [image: image80.png]I,=1and I




. Based on the experimental observations and following the work by Holzapfel et al. [19] and the works done in [20, 21], an exponential mathematical function for shear interaction strain energy is suggested as
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where [image: image83.png]


 is a positive material parameter with the dimension of stress, [image: image85.png]


 is a positive dimensionless material parameter, while [image: image87.png]


 is defined by Eq. (3). It can be shown that [image: image89.png]


 can be used instead of [image: image91.png]


 in Eq. (5) since the invariant [image: image93.png]


 is a function of [image: image95.png]


. The parameters [image: image97.png]


and [image: image99.png]


 are related to the shear interaction properties of the fibers and are independent from extensibility of the fibers. For computational simulation, the shear interaction part of the proposed model is decomposed into volumetric [image: image101.png](Uyo1)



 and isochoric [image: image103.png]


 parts as
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, [image: image108.png]C=j""3c



 and [image: image110.png]


 is determinant of the deformation gradient [image: image112.png]


. In Eq. (6), [image: image114.png]


, where [image: image116.png]


 is the compressibility parameter of the woven fabric and is treated as a penalty parameter. The Cauchy stress tensor [image: image118.png]


 for the proposed model is defined as 
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where [image: image121.png]


, [image: image123.png]


, [image: image125.png]


 is a fourth-order unit tensor with the components [image: image127.png]Dy = 5 (665 + 6u6)



, and [image: image129.png]


 is the second-order unit tensor. Herein, the indeterminate terms [image: image131.png]g(m ® m)



and [image: image133.png]rin ®n)



 are identified as reaction stresses associated with the fibers inextensibility constraints, with the fiber tensions [image: image135.png]q and r.




4.  Fitting procedure
For the purpose of material characterization, the experimental result of a bias-extension test of a benchmark study [22] is selected. Since the stress component [image: image137.png]


 is zero for thin woven fabrics [image: image139.png]aU,q (J) /8]



 can be determined from Eq. (7). To fulfill the stress free boundary condition in transverse direction the stress component [image: image141.png]


 should be also zero. Therefore, the scalar [image: image143.png]q and r



 can also be found directly from Eq. (7). Replacing these values into [image: image145.png]


 the Cauchy stress in principal direction [image: image147.png]


 can be obtained as
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is principal stretch ratio which corresponds to the 1-direction in the local coordinate system of the Fig. (1). The material properties obtained from fitting procedure are [image: image152.png]


 and [image: image154.png]


=12.50. Fig. 2 shows a good agreement between correlation of the proposed model with the bias-extension test results. 
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Figure 2. Fitting the proposed model with bias-extension test in order to find material properties. 
5.  Finite element analysis of the woven fabrics

The proposed constitutive model is implemented into finite element framework in Abaqus/Standard (Abaqus 6.13) as user-defined subroutine UMAT. The mesh of the geometry shown in Fig. (1) is discretized with 4232 S4R bilinear quadrilateral finite strain shell elements with discrete Kirchhoff thin-shell kinematics and is shown in Fig. 3. This figure illustrates stress-stretch comparison between the computational prediction and the bias-extension test clamped by two ends for a displacement of 40 mm in longitudinal direction. Fig. 3 shows that the proposed model correlates accurately with the bias-extension experiment. 
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Figure 3. Comparison of the computational evaluation of the proposed model with experimental results of a bias-extension test for woven fabrics. 
Conclusions  

Based on the real deformation mechanism, an angular-based deformation invariant was used in order to model the deformation field of the woven-fabric structures. This invariant excludes the elongation in fiber direction and therefore considers the inextensibility of the fibers. In the next step, a Helmholtz strain-energy function consisting of two parts was developed: shear interaction strain energy and strain energy associated to the workless reaction to the kinematic constraint that results from the inextensibility of the fibers. The proposed model was decomposed into volumetric and isochoric parts and treated as nearly incompressible material. The stresses were derived to find the material properties. The elasticity tensors were developed and the proposed model was implemented as user-defined subroutine UMAT for computational evaluation. The comparison of the bias-extension test with theoretical and computational approaches showed that there is an excellent agreement between the test results, theoretical fitting and the computational approach.    
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		1.103753		0.017027																				1.170210435		0.084693043										27.94773		3.344869		1.1215118696		0.0290858174				1.172999993		0.111830391		1.172999993		0.109948363		1.172999993		0		1.172999993		0				5.08E-05				5.09E-05														1.109062		0.015251		1.157952		0.010173

		1.112337		0.020967																																28.94773		3.629676		1.1258596957		0.0315624																						0.000116				0.000117														1.117524		0.017085		1.169234		0.010688

		1.120921		0.025908																																29.94773		3.938525		1.1302075217		0.0342480435				0																		0.000264				0.000267														1.125986		0.019122		1.173913		0.010901

		1.133798		0.035852																																30.94773		4.27311		1.1345553478		0.0371574783				0.000173																		0.000457				0.000464														1.134447		0.021384

		1.150754		0.055837																																31.94773		4.637026		1.1389031739		0.0403219652				0.000346																																				1.142909		0.023892

		1.167711		0.088602																																32.94773		5.031561		1.143251		0.0437527043				0.0006055																																				1.151371		0.026671

																																				33.94773		5.460092		1.1475988261		0.0474790609				0.0009947499																																				1.159832		0.02975

																																				34.94773		5.92507		1.1519466522		0.0515223478				0.0015786249																																				1.168294		0.03316

																																				34.94773		5.928028		1.1519466522		0.0515480696				0.0024544375																																				1.173913		0.035624

																																								1.162		0.065				0.0037681563

																																														0.0057387343

																																														0.0086946012

																																														0.0131284026

																																														0.0197791029

																																														0.0297551546

																																														0.0447192341

																																														0.0620192327

																																														0.0793192312

																																														0.0966192335

																																														0.1139192358

																																														0.131219238

																																														0.1485192329

																																														0.1658192277

																																														0.172999993
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