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Abstract
An energy-based failure criterion is developed to predict progressive ply cracking under arbitrary in-plane and bending loads while the effects of thermal and moisture residual stresses are taken into account. This failure criterion is used in conjunction with a variational stress  transfer model to make a design tool for the early stages of damage in laminates with arbitrary lay-ups (possibly made of thin plies). A homogenization methodology is introduced that involves smoothing the effective properties of a cracked ply in a laminate into the equivalent properties of a homogeneous ply having reduced properties such that the discretely cracked laminate and its homogenized representation have identical in-plane and out-of-plane properties. The results are compared with available experimental results where comparisons show excellent agreements. In addition, some practically useful equations for cracked laminates are introduced to show how effective properties of cracked laminates are inter-related and can be characterized by a single damage dependent function. These inter-relationships between the thermo-elastic constants of cracked laminates are obtained using crack closure arguments and must always be satisfied. Finally, ply cracking in thin-ply and standard thickness laminates is compared and it is shown that thin-ply laminates have much more strength against ply cracking initiation.

1.
Introduction
Physically-based damage approaches are typically two-step processes. The first step for these approaches is to use micro-meso methods (stress transfer models) to analyze the stress distribution and subsequently stiffness reduction in a composite in the presence of a certain distribution of damages. The second step is to establish a failure criterion and predict the conditions under which those distributions of damages initiate and grow. 
Ply cracking in laminates usually is the initial ply-level failure phenomenon which has been the subject of much research during the last 40 years and a large number of results can be found in the literature [1]. Several methodologies [2-4] have been suggested to study progressive ply cracking and its impact on material behavior specifically in symmetric and mostly in cross-ply laminates. However, many practical applications require non-symmetric laminates or symmetric laminates under bending loads to specifically achieve the design requirements. Nevertheless, ply cracking in arbitrary laminates under bending modes of deformation is not fully studied due to the lack of both stress transfer models and failure criteria applicable to general loading conditions.
In the current research work, we have developed a generalized energy-based framework (as a failure criterion) for ply cracking initiation and propagation under arbitrary in-plane and bending loads while the effects of thermal and moisture residual stresses are exactly taken into account. The capability of a previously developed variational stress transfer model [5] is enhanced to analyze the stress fields and thermo-elastic constants of laminates with arbitrary lay-ups containing uniformly distributed ply cracks in a single orientation. Then, an approximate methodology is introduced to predict thermo-elastic constants of general laminates with non-uniform distribution of ply cracks. In order to analyze ply cracking in multiple plies of a laminate (more than one single orientation), a homogenization technique is introduced that involves smoothing the effective properties of a cracked ply in a laminate into the equivalent properties of a homogeneous ply having reduced properties such that the discretely cracked laminate and its homogenized representation have identical in-plane and out-of-plane properties. Finally, this variational stress transfer model is used in conjunction with the developed energy-based failure criterion to perfom a Monte-Carlo simulation and predict progressive ply cracking taking into account the effects of manufacturing defects. The developed methodology and the associated software can be used as a design tool to characterize the early stages of damage in laminates with arbitrary lay-ups (possibly made of thin plies). At the end, some practically useful equations for cracked laminates are introduced to show how effective properties of cracked laminates are inter-related and can be characterized by a single damage dependent function. These inter-relationships between the thermo-elastic constants of cracked general laminates (symmetric and un-symmetric) are obtained using crack closure arguments and must always be satisfied. While the inter-relationships given in this paper have been derived for composite laminates having continuous straight and parallel fibers, as discussed by McCartney [6], it can be conjectured that they will also apply approximately to damaged laminates where the fibers are woven, and for composites in which there is significant porosity. For this situation to pertain, the damage in the laminates must be in the form of cracks which are distributed in an even manner. 

2.
Stress transfer model
2.1. 
Variational formulation for uniform ply cracking in a single orientation
An arbitrary multilayered laminate including N perfectly bonded layers as shown in Figure 1, is considered. A global set of rectangular Cartesian coordinates is chosen having the origin at the center of the laminate. The x-direction defines the longitudinal or axial direction, the y-direction defines the in-plane transverse direction and the z-direction defines the through-thickness direction. The locations of the N-1 interfaces in the laminate are specified by z=zi; i=1, 2... N-1. The lower external surface of the laminate is specified by z=z0=-h/2 and the upper external surface is demonstrated by z=zN=h/2, where h is the total thickness of the laminate. The thickness of the ith layer is denoted by h​=zi-zi-1. The stress and strain components and also material properties associated with the ith layer are denoted by a superscript or subscript i. The stresses in the cracked material are represented as a superposition of the stresses in the un-cracked material and some yet unknown perturbation stresses caused by the presence of the cracks:
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where m,n=x,y,z. The second term in Eq. (1) is the stress in the ith ply of undamaged laminate, which can be obtained from a simple analysis using classic laminate theory. The last term in Eq. (1) is is the perturbation stress in the ith ply, which in contrast to the stresses in the un-cracked laminate, is function of both x and z coordinate. The analysis is based on an assumed form for the in-plane stress perturbations in each ply:
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By solving the equilibrium equations, balance of external applied loads and moments and satisfying all boundary and interface continuity conditions through the thickness, the representations for the out-of-plane normal σzz and shear stresses (σxz, σyz) can be obtained. Finally, the unknown functions in the perturbation stress fields (pi(x), qi(x), etc.) are evaluated by minimization of the total complementary energy leading to the most optimal functions based on the assumed form in Eq. (2). Taking a variation from the complementary energy leads to the Euler-Lagrange equations, which for the current problem will be a set of fourth order ordinary differential equations with constant coeeficients for which the traction free conditions on the crack surfaces for cracked plies, periodic and continuity conditions for un-cracked plies and some natural boundary conditions provide enough boundary conditions to determine the solution. Having the optimal stress distribution, it is possible to estimate the thermo-elastic properties of the cracked laminate as a function of crack density ρ=1/2a (cracks/mm) when cracks are uniformly distributed. The method of estimating the thermo-elastic properties is based on the fact that, when obtaining the stress field from the solution of the differential equations, the loading parameters Nxx, Nyy, Nxy, Mxx, Myy, Mxy and ΔT, are specified [5]. 
[image: image3.emf]
Figure 1. Geometry of an arbitrary laminate containing non-uniformly spaced ply cracks in two different orientations under general in-plane and bending loads.
2.2. 
Effects of non-uniformly spaced ply cracks on the thermo-elastic properties [7]
The stress analysis of a non-uniformly cracked laminate is difficult as an analysis must be carried out for the entire cracked laminate rather than a unit cell because there are no periodic boundary conditions. To avoid having to tackle this very complex problem, an approximate approach based on some simple assumptions will be implemented. It is assumed that for a non-uniformly cracked laminate (see Fig. 1), the stress distribution for each fragment, between the two neighboring ply cracks, corresponds to that found in a uniformly cracked laminate having the same crack separation (analysis given in the Section 2.1). This assumption is equivalent to assuming that sliding crack tip deformations are negligible when compared to opening deformations. Then, the complementary energy of the whole laminate are simply calculated by summing of the complementary energy of each fragment leading to simple expressions for the laminate modulus. Indeed, thermo-elastic properties of a laminate with non-uniform distribution of ply cracks can be written in terms of thermo-elastic properties of laminates with uniform distribution of ply cracks (analysis described in the previous section). 
2.3. 
Effects of ply cracks in multiple orientations on the thermo-elastic properties using a homogenization method
The essence of this analysis is to change the compliance matrix of the cracked ply (c) in the local coordinate system, such that the new homogenized laminate has exactly the same effective in-plane and out-of-plane compliance matrix and thermal expansion coefficient vector in the global coordinate system as the laminate where the cracks in the ply being homogenized are modelled as discrete entities. Therefore, the damaged compliance matrix [Sc] of the cracked ply (c) in the local coordinate system of the cracked ply will be written as follows:
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where E, υ and G are respectively, Young modulus, Poisson’s ration and shear modulus of the unidirectional ply and subscript A, T and t denotes, respectively, axial, in-plane transverse and out-of-plane axes. It can be seen that unlike traditional homogenization methods, we have introduced one shear coupling terms 
[image: image5.wmf]s

W

 for individual ply properties. Superscript (C) shows terms that must be changed in the local compliance matrix (based on the available crack patterns and using the analyses in the previous sections) to take into account the effects of cracks in more than one ply.  
3.
Energy-based ply cracking failure criterion 
Growth of matrix cracks will be simulated in a length 2l of a multilayer laminate (see Figureg. 2) where the crack pattern in the cth ply can be denoted by {2ac1, 2ac2,…2acnc} where 2aci, i=1, 2…nc, shows the distance between two neighboring ply cracks. The number of ply cracks in a length of 2l of the cth ply is denoted by nc. 
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Figure 2. Schematic diagram of a length 2L of a laminate with M equally spaced potential ply cracking sites containing in this example five effectively formed cracks.
It can be shown that the energy criterion for matrix cracking growth can be written as follows:
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Where ΔG is the change of Gibss free energy due to ply cracking and 
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is the energy isabsorbed by the material to shape the new crack pattern. It is noteworthy that the analyses in the previous section are needed to calculate the change of Gibbs free energy due to any possible crack pattern. Indeed, the output of these stiffness reduction models is inserted into this energy-based failure criterion in order to predict progressive ply cracking. In this regard, we have considered all possible ply cracking events in order to identify the ply cracking configuration that is the most energetically favorable without assuming a damage evolution equation.  

4.
Inter-relashionships among thermo-elastic constants 
A damaged laminate having cracks in the 900 ply can always be loaded so that the ply cracks just close such that the normal and shear stresses at the ply cracks are zero everywhere in the 900 ply. To understand this it is necessary only to consider an undamaged laminate and to determine loading conditions for which the stress components 
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 . When an undamaged laminate is in this state, any number of ply cracks can be formed without changing in any way the stress or displacement distributions in the laminate. This concept can be used in conjunction with crack closure arguments to derive inter-relationships between thermo-elastic constants of cracked and uncracked laminates. The satisfaction of these inter-relationships can be used as a measure of the quality of a stress transfer model, and of the associated numerical analysis. It can be shown that all thermo-elastic constants of a cracked laminate (or delaminated laminate) can be inter-related by a single damage dependent function. This single damage parameter is as follows:
	
[image: image10.wmf]**

1111

D(

ω)=A(ω)-A.

%%

%%

 
	(5)


where ω shows any state of ply cracks or delamination (both uniformly and non-uniformly distributed) and 
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is the first term of the in-plane compliance matrix of cracked laminate and 
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is the corresponding term for the uncracked laminate. Moreover, in the above equations double tilde denotes reduced thermo-elastic constants which can be defined in terms of normal thermo-elastic constants.
5.
Results and discussions 
The developed model is applied to predict progressive ply cracking in a quasi-isotropic [0/-45/45/90]s laminate made of CFRP which was also tested in the World Wide Failure Exercise [8]. The material properties for the unidirectional CFRP ply are (transversely isotropic) [8]:  
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The ply thickness is 0.1375 mm and the temperature difference ΔT is -157 0C [8]. The effective fracture energy of the material is 220 Jm-2 [8] and assumed to have the same value in all the potential ply cracking sites.  It is assumed that each ply has 64 equally-spaced potential ply cracking sites in a 15 mm length of laminate. Each ply was first divided into 5 elements of equal thickness and the elements adjacent to all the interfaces have been further subdivided in half, three times to have the converged results. By using the homogenization technique, the possibility of progressive ply cracking in all plies under uniaxial loading condition of Nxx:Nyy=1:0.05 is simulated and the stress/strain results are shown in Figure. 3 The results are compared to the experimental results used in the WWFE [8]. It can be seen in Figure. 3 that the model can successfully predict the first deviation from the linear behavior and subsequent non-linear behavior. Moreover, it can be seen that ply cracking in multiple orientations is well simulated and there is indeed an outstanding agreement between the predictions and measurements which shows the high quality and accuracy of the physics-based approach, the developed model and of the associated software. 
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Figure 3. Non-linear axial and transverse strain/stress behavior in CFRP [0/-45/45/90]s laminate under loading condition Nxx:Nyy=1:0.05 when ply cracking is possible in all plies.
A comparison between ply cracking initiation and propagation behavior in standard thickness and thin-ply composite laminates, is made. To do so, a [45/-45/90/0]s quasi-isotropic laminate made of standard thickness plies (tply=0.2mm) and a [45/-45/90/0]5s laminate made of thin plies (tply=0.04mm) are considered. The material properties for this analysis are as follows:
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The temperature difference ΔT is assumed to be -125 0C. The effective fracture energy for matrix cracking for both standard and thin-ply laminates is also assumed to be 157.5 Jm-2 with the same value in all potential ply cracking sites. Moreover, it is assumed that each ply has 64 equally-spaced potential ply cracking sites in a 15 mm length of laminate. It is noted that the simulation does not implement ply refinement technique as we only aim to study the size effect. Figure. 4 shows the predicted stress/strain curve for these laminates under uniaxial loading condition of Nxx:Nyy=1:0.0 when progressive ply cracking is possible in all plies. It can be clearly seen that the first ply crack stress is increased by decreasing ply thickness. Indeed, it can be seen that the thin-ply composite laminate does not experience any stiffness reduction or non-linear behavior due to ply cracking up to the high applied stress 840.26 (MPa). Moreover, considering this fact that the critical fiber strain for T300 fiber is 1.08%, it is predicted that the thin-ply laminate fails due to fiber breakage before having any ply crack and thus has a higher laminate strength. Therefore, it can be concluded that very significant improvements regarding the onset of damage and ultimate strength can be achieved by decreasing the ply thickness which is in agreement with experimental observations. It should also be clearly highlighted that this improvement can be modelled very well by the current model without using in-situ material properties. Indeed, the current physics-based energy approach can model this size effect using the same fracture energy for both standard and thin-ply composite laminates. 
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Figure 4. Comparison of non-linear axial and transverse strain/stress behavior in standard thickness [45/-45/90/0]s (tply=0.2mm) and thin-ply [(45/-45/90/0)]5s (tply=0.04mm) composite laminates under uniaxial loading condition when ply cracking is possible in all plies.
It is noted that due to the lack of experiments in the literature under multiaxial bending loads together with microscopic observations, the model has not yet compared with experiments under bending loads.

6.
Conclusions
1- An analytical energy-based model based on the well-known variational stress transfer model is developed to predict matrix cracking initiation, propagation and its effect on laminate strength in general laminates under multi-axial in-plane and bending loads while the effect of residual stresses is considered.

2- The model is able to predict ply cracking growth in multiple plies of an arbitrary laminate with different orientations considering both uniformly and non-uniformly spaced ply cracks.

3- The current analytical model with capability of modeling many plies with different orientations can be a very good design tool to anticipate stacking sequence and ply thickness effects on matrix cracking growth in thin-ply composite laminates.
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