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ABSTRACT 

This study proposes a practical model for numerical analysis of the effect of fiber waviness on the 

mechanical properties of unidirectional carbon fiber-reinforced plastics (CFRPs). Fiber waviness is 

known to cause various fracture modes in CFRPs. In particular, transverse cracks propagate along the 

fiber direction, so a special meshing is required for a normal FEM. Therefore, the eXtended Finite 

Element Method (XFEM) was introduced in this study in order to efficiently model the complex 

transverse crack geometry in CFRPs with fiber waviness. In addition, some other typical nonlinear 

behaviors of the CFRPs were modeled. The proposed model was validated via the comparison of 

numerical and experimental results, and the mechanism of strength decrease due to fiber waviness in 

CFRPs was investigated. For the application, the model was applied to the numerical simulation of open-

holed CFRPs with fiber waviness. 

 

1 INTRODUCTION 

Recently, Carbon Fiber Reinforced Thermoplastics (CFRTPs) have been increasingly applied to 

aircraft structures owing to its high productivity and recyclability. However, the prediction of the 

formation of molding defects and their effect on strength in the laminate is incomplete, and its practical 

use in large-scale structural components is still limited. The process-induced fiber waviness, which is 

generated during cooling in the manufacturing process, is one of the serious problems, especially as it 

reduces the longitudinal compressive strength of the structure. For these reasons, a high safety factor 

must be taken, and high specific stiffness and strength, which are the superiorities of CFRTPs, cannot 

be fully utilized. 

 

 

 
 

Figure 1: Example of the fiber waviness [1] 
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Although there are many prior studies that have predicted the mechanical properties in those 

composites, to the best of the author's knowledge, they have focused on only unidirectional ply [1,2]. 

The purpose of this study is to numerically investigate the effects of in-plane fiber waviness on 

mechanical properties in composite laminate structures.  

Fiber-reinforced composites exhibit various fracture modes depending on the stress state, and 

analysis using accurate models for each fracture mode is required. In particular, transverse cracks, which 

are caused by the transverse loading, should be modeled their discontinuity of the displacement field. In 

unidirectional fiber-reinforced composites, transverse cracks propagate along the fiber direction, so a 

special meshing is required around elements where cracks are expected to propagate for a normal FEM. 

Furthermore, if the fiber waviness distributes to the thickness direction in the laminate or the inter-

laminar delamination is simultaneously modeled, additional effort will be required. Therefore, analysis 

using the eXtended Finite Element Method (XFEM), which can model the discontinuity of displacement 

due to cracks independently of the mesh geometry, is introduced in this study. Additionally, various 

nonlinear models for fiber-reinforced plastics are introduced, as shown in Chapter 2. 

In this study, the proposed scheme was validated via the comparison of numerical and experimental 

results in the unidirectional ply, and the mechanism of strength decrease due to fiber waviness in CFRPs 

was investigated. Then, the effect of waviness on the open-holed lamina strength was examined by the 

proposed scheme. 

 

2 NUMERICAL SIMULATION SCHEME 

2.1 Fiber Waviness Model 

The geometry of the fiber waviness is determined by experimental observation by Yokozeki et al.  

[1]. The waviness geometry is fitted to be sinusoidal and is assumed to decrease gradually in the 

transverse direction as follows:  

𝑌(𝑥, 𝑦) = 𝐴0 cos2 (
𝜋𝑦

2𝑈𝑡
) cos (

2𝜋𝑥

𝜆
), (1) 

where 𝐴0 is the amplitude, 𝜆 is the wavelength, and 𝑈𝑡 is the width of the fiber waviness influence zone 

(Figure 2). The waviness severity 𝑤 is represented as: 

𝑤 = 𝐴0
𝑚𝑎𝑥 𝜆⁄ , (2) 

using the maximum waviness amplitude 𝐴0
𝑚𝑎𝑥. It is known as a significant parameter for the effect of 

fiber waviness on mechanical properties, and selected as a metric of fiber waviness in this study. 

Assuming the geometry, the initial misalignment angle 𝜃 and fiber fraction 𝑣𝑓 due to fiber waviness 

are expressed as:  

𝜃 = tan−1 (
𝜕𝑌

𝜕𝑥
),   (3) 

𝑣𝑓 = (1 +
𝜕𝑌

𝜕𝑦
)
−1

�̅�𝑓 . (4) 

where �̅�𝑓 is the average fiber volume fraction of the material. The distributions of 𝜃 and 𝑣𝑓 for 𝑤 =

0.06 are shown in Figure 3.  

Homogenizing these local waviness parameters, the local stiffness matrix is calculated for each 

element by the coordinate transformation for the initial misalignment angle θ and the rule of mixture for 

the fiber fraction 𝑣𝑓 [3]. According to the previous study [3], the local compressive strength 𝑋𝐶 depends 

on 1 (1 − 𝑣𝑓)⁄ . Therefore, local compressive strength is expressed as:  

𝑋𝐶 =
1 − �̅�𝑓

1 − 𝑣𝑓
�̅�𝐶 , (5) 

where �̅�𝐶 is the average compressive strength of the material. 



 

 

 

 
  

Figure 2: Optical image [1] (left) and fiber waviness model (right) 

 

 

 
 

Figure 3: Distribution of 𝜃 and 𝑣𝑓 (𝑤 = 0.06) 

 

 

2.2 Kink band model 

CFRPs, which is composed of high-strength fibers and high-stiffness resin, is known to form kink 

bands as a major failure mode under longitudinal compressive loading. This is due to the fact that CFRPs 

has initial misalignment even in the sound materials, and the compressive loading causes the increase 

of the misalignment angle and the local shear force. In this study, the LaRC03 fracture criterion [4] was 

introduced as the kink band failure criterion. The continuum damage mechanics (CDM) model [5,6] is 

introduced to model the gradual energy reduction due to the kink band propagation. A schematic 

diagram of the model is shown in Figure 4.  

The LaRC03 fracture criterion is defined as: 

𝐹𝐼𝐹 =

{
 
 

 
 (1 − g)

𝜎22
𝑚

𝑌𝑇
+ g(

𝜎22
𝑚

𝑌𝑇
)

2

+ (
𝜎12

𝑚

𝑆𝐿
)

2

, (𝜎22
𝑚 ≥ 0)

〈
|𝜎12

𝑚| + 𝜂𝐿𝜎22
𝑚

𝑆𝐿

〉 , (𝜎22
𝑚 < 0)

 (6) 

where 𝑌𝑇 is the longitudinal tensile strength, 𝑆𝐿 is the shear strength, g is the fracture toughness ratio, 

𝜎22
𝑚  is the local transverse stress and 𝜎12

𝑚 is the local longitudinal shear stress. 𝜂𝐿  is the longitudinal 

influence coefficient: 

𝜂𝐿 = −
𝑆𝐿 cos(2𝛼0)

𝑌𝐶 cos2 𝛼0
, (7) 

where 𝑌𝐶 is the compression strength in the transverse direction and 𝛼0 is the angle of the fracture plane. 

The initial misalignment angle 𝜑0 of the sound materials in the LaRC03 failure criterion is defined as: 
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𝜑0 = (1 −
𝑋𝐶

𝐺12
) tan−1

(

 1 −
√1 − 4(

𝑆𝐿
𝑋𝐶

+ 𝜂𝐿)
𝑆𝐿
𝑋𝐶

2 (
𝑆𝐿
𝑋𝐶

+ 𝜂𝐿)
)

 , (8) 

where 𝐺12 is the shear stiffness, and 𝜑0 is applied to the initial misalignment angle for the elements 

which are not influenced by the fiber waviness.  

In the CDM model, the stiffness reduction due to the damage propagation by the LaRC03 failure 

criterion to the final failure is modeled using the damage variable 𝑑𝑘 . To avoid the element size 

dependence, the Smeared Crack Model (SCM) proposed by Pinho et al. [5,6] is introduced. In addition, 

the Zig-Zag softening law [7] is introduced to improve the convergence in the stiffness reduction process. 

 

 

 
 

Figure 4: SCM with LaRC03 criterion 

 

 

2.3 Transverse crack model 

In unidirectional fiber-reinforced materials, transverse cracks propagate along fiber waviness 

direction. Therefore, complicated mesh geometry around fiber waviness is required to model the 

components containing fiber waviness with a conventional FEM analysis. Furthermore, additional effort 

is required to model the inter-lamina delamination. In this study, the eXtended Finite Element Method 

(XFEM) [8,9], which transverse can model transverse cracks independently from the mesh geometry, is 

introduced to model the discontinuities in the displacement field due to the transverse cracks. The 

cohesive zone model (CZM) [10] is also introduced to model the plastic zone around the crack tip. 

In 2D XFEM, the approximate solution of the displacement field is expressed as: 

𝒖ℎ(𝒙) = ∑𝑁𝐼(𝒙)𝒖𝐼

𝐼

+ ∑𝑁𝐽(𝒙)g(𝒙)𝒂𝐽

𝐽

, (9) 

where 𝑁𝐼 , 𝒖𝐼 are the shape function and nodal displacement for the conventional FEM, g(𝒙) is the enrich 

function for the discontinuous properties and 𝒂𝐼  is the additional nodal degrees of freedom 

corresponding to the enrich function. The discontinuity of displacement due to the transverse cracks is 

expressed with the Heaviside jump function 𝐻(𝑥) as an enrich function: 

𝐻(𝑥) = {
+1, (𝑥 ≥ 0)
−1.         (𝑥 < 0)

, (10) 

To simplify the modeling of the crack geometry, the level set method, which introduces the signed 

distance function 𝜙(𝒙) as a variable of the expansion function, and the shifting process, which shifts the 

constant part of the expansion function to modify the approximate solution at nodes, are combined with 

XFEM. Summing up the above, Eq. 10 can be rewritten as: 

𝒖ℎ(𝒙) = ∑𝑁𝐼(𝒙)𝒖𝐼

𝐼

+ ∑𝑁𝐽(𝒙) (𝐻(𝜙(𝒙)) − 𝐻 (𝜙(𝒙𝐽)))𝒂𝐼

𝐽

. , (11) 



 

 

In this study, the quasi-3D XFEM, which extrudes the 2D XFEM in the thickness direction, is introduced 

to model CFRPs.  

In the CZM, the cohesive force is reduced by varying the damage variable 𝑑𝑐 according to the relative 

displacement of the nodes of the interface elements, and the plastic zone at the crack tip is represented. 

The damage variable 𝑑𝑐 is expressed in a form similar to the CDM model for the relative displacements 

of the interface elements. The quadric traction criterion is used for the crack initiation, and the power 

law of the energy release rate is used for the crack propagation. In addition, the Zig-Zag softening law 

[7] is introduced to improve the convergence. A schematic diagram of the CZM is shown in Figure 5. 

 

 

 
 

Figure 5: CZM around the crack tip 

 

 

3 VALIDATION ANALYSIS 

3.1 Analysis model 

The dimension of the analysis model, which was defined in Section 3.1, and the thickness 𝐻 of the 

model are shown in Figure 6. The parameter 𝑑 is the thickness of the waviness region, and based on the 

experimental observations of Yokozeki et al. [1], the waviness amplitude 𝐴0 is assumed to decrease 

linearly from the upper surface of the model to a distance of 𝑑. Since the fiber waviness is continuously 

generated and the initial damage in laminates is predicted to start around the fiber waviness, periodic 

distribution of fiber waviness, as shown in Fig.6, was assumed. In order to evaluate the homogenized 

strength, the macroscopic curvature 𝐾 is imposed using the periodic boundary condition proposed by 

Yoshida et al. [11] on a representative volume, and the macroscopic bending moment 𝑀 is calculated. 

The analysis scheme is based on the quasi-3D XFEM proposed by Nagashima et al. [12], and five 

transverse cracks along the fiber waviness were modeled in each element in the fiber waviness region. 

The material properties (MCP1223) are shown in Table 1. 

 

 

 
 

Figure 6: Periodic boundary condition and unit cell 
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Average fiber fraction �̅�f 0.65  

Fiber properties 

Longitudinal Young’s modulus 𝐸11
f  

Transverse Young’s modulus 𝐸22
f  

Poisson’s ratio 𝜈12
f  

Shear modulus 𝐺12
f  

 

240 

18.6 

0.29 

100 

 

GPa 

GPa 

 

GPa 

Matrix properties 

Young’s modulus 𝐸m 

Poisson’s ratio 𝜈m 

Shear modulus 𝐺m 

 

4.5 

0.3 

1.73 

 

GPa 

 

GPa 

Failure properties 

Longitudinal compressive strength 𝑋𝐶 

Transverse compressive strength 𝑌𝐶 

Transverse tensile strength 𝑌𝑇 

Longitudinal shear strength  𝑆𝐿 

 

1530 

280 

91 

80 

 

MPa 

MPa 

MPa 

MPa 

 

Table 1: Material properties (MCP1223) [1] 

 

 

3.2 Analysis results 

The analysis results of macroscopic curvature 𝐾  and macroscopic moment 𝑀  were obtained as 

shown in Fig. 8. The waviness geometry for 𝑤 = 0.00, 0.01, 0.06, as shown in Fig. 7. The analysis was 

carried out until the initial load reduction (5% load reduction). From these results, it was shown that the 

stiffness and strength reduce due to the fiber waviness, and the influence becomes greater as the 

waviness severity 𝑤 increases. 

 

 

 
𝑤 = 0.00              𝑤 = 0.01               𝑤 = 0.06 

 

Figure 7: Fiber waviness geometry 

 

 



 

 

 
 

Figure 8: Simulation results 

 

 

3.3 Validation 

For the validation of the proposed scheme, the simulation data is compared with the experimental 

data conducted by Yokozeki et al. [1] with the four-point bending test. The results are shown in Figure 

9. Here, 𝜎𝑏 is the converted stress in the upper surface at the initial failure and is represented as: 

𝜎𝑏 = 6𝑀𝑏 𝐻2⁄ . , (12) 

where 𝑀𝑏 is the macroscopic bending moment at the initial failure. 

The results of the compressive analysis match well with the experimental values, confirming the 

validity of the analysis model.  

 

 

 
 

Figure 9: Comparison with experimental data 
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3.4 Discussion 

At the damage initiation, regardless of the severity of the fiber waviness, initial damage occurs due 

to kink band formation. The damage variables 𝑑𝑘 and local stress fields 𝜎22
𝑚 , 𝜎12

𝑚 related to kink band 

formation at the damage initiation are shown in Figure 10. From these results, the kink band damage is 

initiated at the area where the maximum local shear stress fields 𝜎12
𝑚 occurs. It was shown that as the 

waviness severity 𝑤 increases, the maximum of the local shear stress  𝜎12
𝑚 becomes higher, leading to a 

reduction of the initial damage strength. 

 

 

 
(a)  𝑤 = 0.01 

 

 
(b) 𝑤 = 0.06 

 

Figure 10: Contour at the damage initiation 

 

 

For comparison of damage progression, the kink band damage variable 𝑑𝑘 and the crack propagation 

at the initial failure are shown in Figure 11. It can be said that in the case of small waviness severity 𝑤, 

kink bands are the predominant failure mode, while in the case of large waviness severity 𝑤, transverse 

cracks are predominant failure mode. This is because the coupled effect of the local shear stress 

𝜎12
𝑚 caused by fiber waviness and the amplification of misalignment leads to an increased susceptibility 

to transverse cracks. 

Comparing the curvature changes at the initial damage and initial failure, it was shown that when the 

waviness severity 𝑤  is small, damage progresses immediately and leads to failure (𝐾11 =

0.0207   −1 → 0.0216   −1). On the other hand, when the waviness severity 𝑤  is large, damage 

gradually progresses(𝐾11 = 0.0129   −1 → 0.0186   −1). In the case of the small waviness severity 𝑤, 

the damage progresses through kink bands, causing an increase in the surrounding stress due to the 

reduced stiffness in the fiber direction of the damaged element, thus inducing damage in the surrounding 

elements. In contrast, in the case of large waviness severity 𝑤, the damage progresses through crack 

propagation, and the reduced stiffness in the fiber direction does not occur. These elements can maintain 

elastic deformation and withstand stress. 



 

 

       
(a) 𝑤 = 0.01             (b) 𝑤 = 0.06 

 

Figure 11: Failure mode at the failure initiation 

 

 

5 APPLICATION 

5.1 Analysis model 

For the application, the proposed scheme was applied to the numerical simulation of the open-hole 

compression (OHC) test. In the OHC problem, CFRPs is known to have a higher strength than the 

theoretical value due to the occurrence of transverse cracks around the circular hole, which causes stress 

relaxation. Therefore, an analysis was conducted assuming a situation where fiber waviness is arranged 

around the circular hole to inhibit those transverse cracks, as shown in Figure 12.  

The in-plane dimensions are shown in Figure 12, assuming ASTM D6484. The stacking sequence is 

 0°, 90°, 90°, 0° , and  the thickness of each layer is set to 1.25   . Considering the symmetry, a 1/8th 

model of the whole structure is analyzed. The left end in the 𝑥-direction, the bottom end in the 𝑦-

direction, and the bottom surface in the thickness direction is fixed. A crack is set at the most severe 

place. 

 

 

 
 

Figure 12: OHC model 

 

 

4.2 Results 

For the elemental OHC test simulations, analyses with the case of the small severity of fiber waviness 

(𝑤 = 0.00, 0.01, 0.02) were conducted. The results are shown in Figure 13, where the vertical axis �̅�𝑏is 

the normalized stress at the initial failure (load reduction) with the case of  𝑤 = 0.00. From the result, 

it is revealed that as the waviness severity 𝑤 increases, the strength decreased. 
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Figure 13: Results of the OHC simulations 

 

 

4.3 Discussion 

In this analysis, there was no significant difference in the influence of the fiber waviness on the 

transverse crack propagation. However, it was found that as the waviness severity 𝑤 increases, the 

predominant failure mode shifted from inter-laminar delamination to kink bands, as shown in Figure 14. 

This can be attributed to the increase in local shear stress 𝜎12
𝑚 with the larger waviness severity 𝑤, 

resulting in the increase of kink bands. 

 

 

 
 

(a) Kink band 

 

 
 

(b) Inter-laminar delamination 

 

Figure 14. Failure mode at the initial failure 

(left: 𝑤 = 0.00,  middle: 𝑤 = 0.01, right: 𝑤 = 0.02) 



 

 

5 CONCLUSIONS 

In this study, a practical numerical analysis model was developed to investigate the influence of in-

plane fiber waviness on the material properties of unidirectional fiber-reinforced composites. Strength 

analyses were conducted for the compression of the waviness region, and the validity of the analysis 

model was verified by comparing with experimental data. Furthermore, the mechanisms by which fiber 

waviness affects the strength reduction were investigated. As a result, it was revealed that compressive 

strengths are reduced with the increasing waviness severity 𝑤. Under compressive loading, when the 

waviness severity 𝑤 is small, the predominant failure mode is kink bands, and damage progression is 

immediate. On the other hand, when the waviness severity 𝑤 is large, the predominant failure mode is 

transverse cracks, and damage progression is gradual.  

In addition, the proposed scheme was applied to analyze the OHC tests. The results showed that in 

the case of small-scale fiber waviness, as the fiber waviness becomes severe, the predominant mode 

shifts from inter-laminar delamination to kink bands. Analyzing OHC tests with large-scale fiber 

waviness is a future task to be addressed. 
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