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ABSTRACT

The dynamic response of opto-mechanical systems is a determining factor in achieving the required performance
under disturbed environmental conditions. Vibration attenuation, in particular, drives the allocation of pointing
and wavefront-error budgets. In the early design phase, standard practice adopts nominal values for material
properties, geometric dimensions, and interface characteristics, producing a single deterministic set of frequency
response functions. The resulting design is not robust: it commonly requires substantial rework after the first
test campaigns, or the introduction of conservative margin factors. Fully statistical treatments of parameter
dispersion, by contrast, are computationally demanding and are frequently obstructed by confidentiality restric-
tions on the exchange of models between partners.

This paper reviews the principal techniques employed to account for uncertainty in material properties. In addi-
tion, a computationally efficient method is proposed for the construction of a robust family of system responses
through a simplified relationship between material-property dispersion and dynamic response. The formulation
is compatible with representations in modal coordinates.

Several approaches to the rigorous treatment of material property uncertainty are compared and applied to a
representative opto-mechanical system from ground-based telescope. The results demonstrate that the simpli-
fied method yields outcomes comparable to those obtained with more elaborate algorithms, providing a practical
instrument for use in the early design phase.

Keywords: uncertainty propagation, early design, optomechanical systems, vibrations, material properties,
model uncertainty factor

1. INTRODUCTION

Opto-mechanical assemblies constitute critical subsystems in high-precision instrumentation for astronomy, in-
terferometry, atmospheric remote sensing, and optical communication.™ The integration of optical trains with
load-bearing structures imposes stringent tolerances that must be maintained under a range of operating condi-
tions. Moreover, parametric dispersion in geometry, material properties, boundary conditions, and operational
loads remains a dominant contributor to performance variability and constitutes a principal design driver.
Consider an ensemble of nominally identical structures. Their frequency response functions (FRFs) exhibit low
dispersion in the low-frequency regime and increasing dispersion as modal density grows.> The high-frequency
band is conventionally addressed via Statistical Energy Analysis,® whereas the low-frequency band admits a
deterministic treatment when the statistics of the physical parameters are known. In principle, the Finite Ele-
ment Method (FEM) enables such a treatment through Monte Carlo sampling; in practice, stochastic campaigns
on high-fidelity models incur prohibitive computational cost.” This limitation is compounded in multi-partner
programmes, in which dynamic sub-models are exchanged in reduced form and the explicit dependence of the
response on the physical parameters is no longer accessible.

Further author information: (Send correspondence to M.T.)
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42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

The prevailing engineering solution is the application of margin factors: analyses are conducted with nominal
parameters, and residual uncertainty is absorbed by conservative allowances. Although computationally efficient,
this practice lacks statistical foundation and typically yields sub-optimal designs, particularly for hardware sub-
ject to tight constraints on optical path length or modal separation. A representative case is reported in Ref. 8
for a subsystem of the Extremely Large Telescope (ELT?), in which frequency-dependent compliance varies by
a factor of approximately three as eigenfrequencies traverse control-loop cut-offs. Such behaviour motivates the
adoption of robust design and analysis procedures.

Several methodological developments have addressed subsets of this problem. In the context of spacecraft
micro-vibration, modifications of the Craig-Bampton reduction'® (which is widely adopted in aerospace applica-
tions where sub-model exchange is subject to confidentiality constraints) introduce randomisation of subsystem
eigenfrequencies and modal participation factors,!' '* enabling efficient generation of FRF ensembles. Ref. 15
quantifies the propagation of material and geometric dispersion to transfer-function variability on a canonical
structure but does not formulate corresponding design-stage strategies. Launch-induced dynamic environments
further amplify the relevance of uncertainty for space hardware, as discussed in Refs. 16-18.

At the system-of-systems level, Ref. 19 addresses parametric uncertainty in the design of the James Webb Space
Telescope by combining models of heterogeneous fidelity within a Monte Carlo framework, achieving substan-
tially improved efficiency relative to a brute-force high-fidelity implementation while retaining a dependence on
the availability of underlying physical models. The conventional formulation of the Model Uncertainty Factor is
described in Ref. 20; its calibration relies on prior engineering experience that is not consistently available. Gen-
eral surveys of uncertainty quantification and propagation®'~2? and large-scale Monte Carlo implementations'? 24
share two common limitations: dependence on detailed physical models and significant computational demand.
The deployment of more advanced schemes at programme scale has been shown to be largely impractical.?’
The present work aims to bridge the methodological gap between margin-based practice and computationally
intensive state-of-the-art approaches. The objective is a formulation that requires neither detailed physical mod-
els nor extended simulation campaigns. The starting point is Ref. 26, in which a local expansion is employed
to propagate parametric perturbations to eigenfrequency and eigenmode variations, and subsequently to FRF
realisations. This formulation is revisited and simplified. A novel approach is then proposed, in which a compact
relationship between material-property dispersion and structural response yields an ensemble of FRF's from a
single nominal FRF, without additional FEM analyses and with limited a priori knowledge of the system. The
method is compatible with reduced and modal representations and is unaffected by the confidentiality constraints
that restrict model availability.

The focus on opto-mechanical systems is motivated by two considerations: their high sensitivity to vibratory
excitation, both terrestrial and orbital, and the recurrence of characteristic topologies within the family. In par-
ticular, a mirror cell can frequently be represented as a cantilever beam terminated by a concentrated mass. This
topological analogy underpins the formulation and validation of a general relationship between material-property
dispersion and the response envelope, which is of particular utility in early design phases, when measured data
are unavailable.

The remainder of the paper is organised as follows. Section 2 reviews four methods for the generation of random
system realisations from parametric uncertainty, including the two proposed in this work. Section 3 introduces
three opto-mechanical designs drawn from operational programmes. Section 4 applies the four methods to these
test cases and evaluates their performance. Section 5 summarises the conclusions and outlines directions for
further investigation.

2. METHODS

The uncertainty in the material properties and geometrical parameters of the system affects the system dynamics
and its FRF. A robust design approach shall account for the source error in the simulation of the system due to
the uncertainties over the model parameters. A conservative approach is to inflate the value of the FRF of +10,
where o is the FRF standard deviation, propagated from the parameters uncertainties.

In the following, the approaches already discussed in Ref. 27 are presented, extending the notation to the case
in which more parameters are involved in the analysis.
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2.1 Deterministic Finite Element Monte Carlo Method (DFEM)

Finite element analyses offer a direct evaluation of the system response in the low-mid frequency range, where
the behaviour of the system is deterministic. The deterministic finite element Monte Carlo method (DFEM)
is based on evaluating the variation of the system response by perturbing the model parameters, within their
uncertainty.

Considering the vector p as the vector of the model parameters, different modal analyses are run by randomizing
the values in p,” assuming them to be normally distributed. At each step of the Monte Carlo, corresponding
to a different set of parameters, the FRF is computed from the corresponding modal analysis result, by using a
classical modal superposition approach (Ref. 28,29).

The solution to a mechanical system y, computed at the point xg, can be written as follow.

y(x0.1) = ST W (x0) -4a (1) = @ - q (1)

Where W, (xg) is the n-th modal shape evaluated at X, ¢, is the n-th modal coordinate. Written in matrix form,
the matrix ® collects the modal shapes in its columns, and the column vector q collects the modal coordinates.
Each modal coordinate behaves as a second order system, which equations can be written, in matrix form, as
reported in the following.

q+2¢w] g+ [w?] q="f (2)

By defining the modal damping coefficient ¢,, and the modal frequency w,,, [2 ¢ w] and [wz} are diagonal matrices,
with respectively 2 ¢, w, and w2 in the diagonal. The parameter f is the force input to the system.

The response of the system can be written in state space representation, being x the state variable defined as
follow.

x= m =87 pcoja— g )

The output of the state space is the solution y of the mechanical system (see Eq. 2). To simulate seismic response,
the input is typically a displacement u, applied to the base node. Considering the compliancy of the interface,
the input node is connected to the system with a compliant element, with stiffness k.

Then, the state space representation is reported as follows.

x=Ax+ Bku

y=Cx (4)

0 1 0
e e ©
The matrices 0 and I are respectively a zero and a identity matrix.

By exploiting the Laplace transform (see Eq. 6), the transfer function between input and output can be computed
as shown in the following expression.

sX(s) = AX(s)+ BkU(s) (6)
Y(5) = CX(s)
HG) = g = C 1= 4) " B ("

The functions X(s), U(s), and Y (s) are the Laplace transforms of state variable, input, and output respectively.
For each iteration of the Monte Carlo, the results of the modal analysis are used to fill the state matrices. Then,
the FRF can be computed as the absolute value of the transfer function H (iw).

Given the hypothesis that the system is deterministic at the frequency of interest, the DFEM approach is
considered as a benchmark. However, typically, designers shall consider also uncertainties coming from the
model itself, for example meshing and boundary conditions.

Moreover, although, the DFEM offers a solid tool to propagate the parameters uncertainty over the system FRF,
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it needs to run many simulations, requiring a large computational burden.”

2.2 Modal propagation (MP)

By focusing on the modal representation of the system solution, a variation in the parameters vector p affects
both the values of the modal frequencies w, and the modal shapes, collected in ®. The expression for the
variation of w, and ®, respectively dw, and d®, can be linearized as shown in Eq. 8 and 9 (Ref. 26), as a
function of the parameter uncertainty op.

Swp, = Jy, Op (8)

0P = Jq:. (Sp (9)

The terms J,, and Jg are the Jacobian respectively of the natural frequencies and the modal shapes with respect
to the parameter vector. While J,, is a matrix, Jg is a tensor.

Both the Jacobian can be approximated by finite differences, by perturbing one parameter at a time across its
nominal value (for example, one at +0.25%). Then, the propagation to the system FRF is trivial.

The modal propagation (MP) approach requires a number of simulations proportional to the number of parameter
(considering a number of parameters N,,, MP requires 2 N, + 1 simulations). Then, it saves computational time
only if the number of parameters to investigate is small.

2.3 Frequency propagation (FP)

As already discussed in Ref. 27, the effects of variation of the modal shapes can be typically neglected (6@ = 0),
considering only the effect of the frequency propagation (FP).

Since the modal frequency appears only in the matrix A of the state space representation, it is the only component
which need to be updated to propagate the uncertainty. This simplifies the computation. However, as already
discussed for MP, FP requires to run 2V, + 1 to compute the Jacobian of the frequencies.

2.4 Frequency envelope perturbation (FEP)

The frequency envelope perturbation (FEP?") take advantage of some considerations over the static deflection
of a beam to formulate a physics-based propagation approach.

The static deformation y at the end of a beam, due to gravity, is equal to0:2%2°
mgl3
l)= 10
oy =28t (10

where m is the beam mass, g is the gravitational acceleration, [ is the beam length, E and I are the beam
Young’s modulus and moment of inertia respectively.

The n-th natural frequency of the beam is:?82?
[ISET
Wy =N W (11)

The variation of a given system parameter causes a change in the value of w,.
The derivative of the modal frequency with respect to m is equal to:

ow n 3IFE

=y (12)

om 2m V mli3
By ordering the terms in Eq. 12, the relative variation of the natural frequency, due to a mass variation, is equal
to half of the relative variation of the mass, as shown in Eq. 13. The notation dw;, s, stands for the variation of
wy, due to a variation of the generic parameter p (dm in Eq. 12). This holds also for the density p.

1
6wn,5m _ _ 67m (13)

Wn, 2 m
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Similarly, the relative variation of the natural frequency, due to a Young’s modulus variation, is equal to half of
the relative variation of the E (see Eq. 14).

6wn,6E _ 1 6£ (14)
Wn 2 F

Then, by knowing the relative uncertainty on the model parameter, the relative uncertainty on the modal
frequency can be directly computed from Eq. 13 and 14. FEP provides a clear and intuitive relation between
the variation of a model parameter and the variation of the FRF, which can be evaluated by running a single
modal analysis.

In conclusion, the variation of the n-th modal frequency due to the variation of multiple parameters can be
written as follows:

Np
dwy, = Z Swn,5p; (15)
i=1

where N, is the number of parameters under investigation and p; is the i-th parameter, and dwy sp, is the
contribution to the frequency variation given by p;, computed according to Eq. 13 or Eq. 14. Then, as already
done for FP, the matrix A shall be updated in Eq. 7 for the computation of the FRF.

3. CASE STUDY SYSTEMS

A case study for testing different uncertainty propagation techniques is taken from MORFEO:3° an advanced
optical system, used in ELT for compensating the image distortion from the turbulence in the atmosphere. In
particular, the focus is on the MORFEOQO Calibration Unit Folding Mirror (CUFM). The approach for modeling
the mirror is the same used in Ref. 27. The materials are represented in Fig. 1 and collected in Tab. 1. The
input wu(¢) is the displacement of a node, connected to the base of the structure with a compliant element of
stiffness k. The excitation is provided in the vertical direction (Z in Fig. 1). This simulates the effect of seismic
noise, injected at the base of the structure. The output y(t) corresponds to the mirror rotation around Y.

The damping ratio ¢ is assumed to be 0.75% for all modes.

The mirror support structure is made of steel. To account for small variations in material properties arising
from the manufacturing process, the structural components are divided into three groups: (i) beams located to
the left of the mirror, (i) beams located to the right of the mirror, and (iii) all remaining components.

To present the approach for modal uncertainty propagation, four parameters have been selected to propagate
the uncertainty:

[]3m2216 []3m2216

D Invar D Invar

- Structural Steel . Structural Steel
. Titanium Alloy - Titanium Alloy

D Zerodur D Zerodur

Mirror

Left beams

Mirror

Base node
Right beams

S

0.000 0.200 0.400 (m) 0.000 0.200 0.400 (m)

Base node

Figure 1: FEM model iof the MORFEO CUFM. The mesh is represent in the figure, ‘color coded by material.
The material properties are reported in Tab. 1.
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Table 1: Material data of MORFEO’s CUFM: reference to Fig. 1.

Material Density Young’s modulus Poisson ratio
3M 2216 glue 1.33g/cm? 2.95 GPa 0.43
Invar 8.00g/cm? 150 GPa 0.30
Structural steel 7.85g/cm? 202 GPa 0.30
Titanium alloy 4.62¢g/cm? 96 GPa 0.36
Zerodur 2.50 g/cm? 91 GPa 0.24

- Parameter 1: Young’s modulus of the steel of the beams at the left side of the mirror;

Parameter 2: Young’s modulus of the steel of the beams at the right side of the mirror;
- Parameter 3: Young’s modulus of the titanium alloy (material of the mirror suspension system);

- Parameter 4: density of the Zerodur, which is the material of the mirror (suspended mass);

The effects of each parameter is analyzed separately by following the approach presented in Ref. 27. Then, the
combined effect of them are analyzed as different contributions to the overall uncertainty of the system FRF.

3.1 Metrics for comparison between FRFs

As already done in Ref. 27, for each proposed method, the +10 FRF is computed as the result of uncertainty
propagation. The generated FRFs are graphed together to identify differences between them. However, the tiny
differences among the different FRF curves make them difficult to be identified. For this reason, the differences
between each method (MP, FP, and FEP) and the benchmark (DFEM) are plotted.

Moreover, two metrics are evaluated to access quantitative the difference between the curves: the root mean
square error and the Pearson correlation coefficient.?”

Root mean square errors

The root mean square error (RMSE) quantifies the difference between the curves3:3? and it is defined as follows.

o — | Dl b’ (15)

where a,, and b,, are the n-th sample of two different curves, having L samples each.

Pearson correlation coefficient

The Pearson correlation coefficient!?31:33 () gives a metric related to the relative trend between two curves,
quantifying the level of congruence between the two.

L L L
0= L Zn:l an bn B Zn:l an Zn=1 b"
L L L L
VISE a2 = (SE ) XL 82— (S5 b

The value of p is defined between one and minus one, being 1 the value related to the best correlation between
the curves.??

The correlation coefficient is verified by a hypothesis test with the aim of confirming its significance.?> 3> The
test’s null hypothesis (Hp) is defined as the case in which the two compared curves are not correlated. The test
statistic t,,, associated with the g,, coefficient, is defined as follows.

L—2
tm = O0m q (18)

(17)
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By considering a significance level «, to reject the null hypothesis, the value of ¢, shall be larger than the two-
sided t-student’s distribution (¢;-2 ,). The value of v is the number of degrees of freedom of the distribution,
equal to L — 2.

For all the cases reported in the following, by considering « equal to 1%, there exist a strong statistical evidence
of rejecting the null hypothesis, always confirming the statistical relevance of the correlation coefficient.

4. SUMMARY OF NUMERICAL RESULTS

4.1 Single parameter - uncertainty propagation

The propagation of uncertainty for each parameter considered individually has been previously investigated in
Ref. 27. Nevertheless, for completeness, the following section briefly compares the influence of the parameters of
interest and evaluates the performance of the proposed uncertainty propagation methods. In Ref. 27, 4 different
levels of uncertainty are evaluated (+2%, £3%, £5%, and £7%). In the following, just the +5% is considered.

Fig. 2 shows that the effect of parameters 1 and 2 (respectively Fig. 2a and 2b) does not strongly affect the
system behaviour. The effect of the titanium Young’s modulus gets relevant at high frequency. The Zerodur
density, instead, produces a larger dispersion of the FRF curves, as expected, being the mass parameter of the
suspended object, focus of the present analysis.

102 £
E
K
= 100
L
o
[
10-2 E £ I
10! 10° 10° 10' 10? 108
freq. (Hz) freq. (Hz)
single simulation == == +10 curve single simulation == == +10 curve
(a) (b)
102 F
E
K
E 100 L
L
o
™
102 ¢ i 3 :
10° 102 108 107 102 108
freq. (Hz) freq. (Hz)
single simulation == == +1o curve single simulation == == +10 curve
(c) (d)

Figure 2: Results of DFEM method run over 150 simulations run by randomizing one parameter at a time,
assuming a normal distribution with +5% standard deviation. Both the FRF computed by every single simulation
and the +1o0 curve are reported. (a) reports the results by varying the Young’s modulus of the steel of the beams
at the left side of the mirror; (b) shows the results related to the Young’s modulus of the steel of the beams at
the right side of the mirror; (c) refers to the Young’s modulus of the titanium alloy; and (d) regards the density
of the Zerodur.

Fig. 3 reports the absolute value of the relative error between the +10 FRF computed with each of the pro-
posed methods and the benchmark (DFEM). It is worth noticing that all the methods produces a relative error
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of few percent, showing, in general, good performance in the prediction of the modal uncertainty propagation.
The main error occurs in the proximity of a zero or a peak of the FRF, where the slope of the curve is more
steep and a small error in the frequency can produce even a large error in the amplitude of the FRF.

As already discussed, the Zerodur density is the parameter playing the bigger role in the FRF. By focusing to MP
and FP, the error is much lower in the case of the Zerodur density. This is probably due to the lower numerical
error introduced in the approximation of the Jacobian. The FEP, instead, is not sensitive to the errors in the
Jacobian computation. For this reason, it shows the best performance in the Fig. 3a and 3b, where the error in
the Jacobian is probably higher due to the small influence of the parameters in such cases.

Although the values of the relative error around the peaks and the zeros can be relevant, the RMSE is not
sensibly different among the different cases (Tab. 2). Marginal differences between the techniques can be seen
also in terms of Pearson correlation coefficient (Tab. 3).
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102 O 0 A L AGA 102 O
10 102 108 10 102 108
freq. (Hz) freq. (Hz)
| MP - DFEM | | FP - DFEM | | MP - DFEM | | FP - DFEM |
| FEP - DFEM | DFEM | FEP - DFEM | DFEM
(a) (b)
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(c) (d)

Figure 3: Absolute value of the relative error of the +10 FRF obtained by each method (FP, MP, and FEP) with
respect to the one obtained by DFEM, used as a benchmark, varying one parameter at a time. Each parameter
is assumed to be normally distributed around its nominal value, with a +5% standard deviation. The DFEM
curve is also reported as a reference. (a) reports the results by varying the Young’s modulus of the steel of the
beams at the left side of the mirror; (b) shows the results related to the Young’s modulus of the steel of the
beams at the right side of the mirror; (c) refers to the Young’s modulus of the titanium alloy; and (d) regards
the density of the Zerodur.
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Table 2: Root mean square error (RMSE), computed as shown in Eq. 16, for all presented methods (FP, MP,
and FEP).

Parameter RMSE - MP RMSE - FP RMSE - FEP
(nradm™") (nradm™") (nradm—')

1 5.2 4.1 0.2

2 4.9 0.2 0.3

3 2.8 1.7 1.8

4 3.3 5.1 6.6

Table 3: Pearson correlation coefficient (), computed as reported in Eq. 17, for all presented methods (FP, MP,
and FEP).

o - MP o-FP o - FEP
Parameter (%) (%) (%)
1 97.6 98.6 100.0
2 97.6 100.0 100.0
3 98.9 99.7 99.6
4 98.5 96.5 95.2

4.2 Multiple parameters - uncertainty propagation

In the following, the uncertainties of all parameters are propagated simultaneously to assess the capability of
each method to accurately represent the variation in the system response resulting from the combined param-
eter uncertainties. By following the same approach of Ref. 27, 4 different values for the parameters’ standard
deviation are evaluated (2%, 3%, 5%, and 7%).

Fig. 4 shows the results of 150 simulations for each one of the 4 different levels of parameter uncertainties. The
+1o FREF is also reported. As expected, increasing the parameter uncertainty leads to a larger dispersion of the
FRFs.

The absolute value of the error in the estimation of the +10 FRF is evaluated for each of the proposed techniques
(MP, FP, and FEP). The results are reported in Fig. 5. RMSE and Pearson correlation coefficient for each case
are reported in Tab. 4 and 5.

As observed in the single-parameter uncertainty analysis, the error in the estimation of the +1¢ FRF exhibits
localized peaks near the zeros and resonant peaks of the FRF. Nevertheless, even in the multivariate analysis,
the error remains below a few percent.

Although the MP method generally provides the best performance in terms of both RMSE and g, the approxima-
tion introduced by the FEP method has only a limited impact on the results. In particular, the RMSE remains
of the same order of magnitude, while the correlation coefficient consistently exceeds 90%.

Table 4: Root mean square error (RMSE), computed as shown in Eq. 16, for all presented methods (FP, MP,
and FEP).

Par. STD RMSE - MP RMSE - FP RMSE - FEP
' (nradm—1) (nradm~1) (nrad m~1)

2 1.5 3.4 4.6

3 1.7 3.5 5.2

5 3.6 4.8 7.0

7 3.8 5.1 8.0




Table 5: Pearson correlation coefficient (o), computed as reported in Eq. 17, for all presented methods (FP, MP,

and FEP).
o- MP o-FP o - FEP
Par. STD
v (%) (%) (%)
2 99.7 99.0 98.5
3 99.6 98.9 97.9
5 98.2 97.6 95.4
7 98.1 97.0 92.9
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Figure 4: Results of DFEM method run over 150 simulations run by randomizing all the parameters at the same
time, assuming a normal distribution with standard deviation respectively equal to 2%, 3%, 5%, and 7%, for
(a), (b), (c), and (d). Both the FRF computed by every single simulation and the +1c curve are reported.
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Figure 5: Absolute value of the relative error of the +10 FRF obtained by each method (FP, MP, and FEP) with
respect to the one obtained by DFEM, used as a benchmark, varying all the parameters at the same time. Each
parameter is assumed to be normally distributed around its nominal value, with standard deviation respectively
equal to 2%, 3%, 5%, and 7%, for (a), (b), (c), and (d). The DFEM curve is also reported as a reference.

5. CONCLUSIONS

This work extends the technique proposed in Ref. 27 by incorporating the participation factors of each body
(or material) into the computation of the FEP method. Furthermore, it demonstrates that all the proposed
techniques can be applied to the case in which multiple parameters are affected by uncertainty, enabling the
prediction of the FRF uncertainty envelope, defined as the +10 FRF.

Moreover, this work highlights the challenges associated with computing the Jacobians (for both the natural
frequencies and the mode shapes), which are required by both the MP and FP methods. Their accurate evalua-
tion requires careful calibration of the finite-difference step size according to the sensitivity of the FRF to each
uncertain parameter. Furthermore, different FRFs may exhibit different sensitivities to the same parameter,
implying that, in principle, a different finite-difference step size should be adopted for each FRF to accurately
compute the corresponding Jacobians. This significantly increases the computational effort, as additional simu-
lations are required to reduce the error introduced by the finite-difference approximation. In contrast, the FEP
method is not affected by this issue and always requires only a single simulation to estimate the +1¢ uncertainty
envelope of the FRF.
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